
Stability of Rotational Couette Flow of 
Polymer Solutions 

The onset of secondary flow between rotating cylinders (Taylor vortices) 
was observed for a dilute polymer solution whose viscometric flow proper- 
ties were characterized rheogoniometrically . The critical Taylor number 
(flow onset) was predicted accurately by linear stability theory with a stress 
constitutive equation describing viscometric behavior. The cell spacing dif- 
fered significantly from that predicted by linear theory. A nonlinear analysis 
shows that linear theory will predict the ultimate cell size only for an in- 
elastic liquid, For an elastic liquid a larger wave number (closer spacing) 
is a lower energy configuration than the linear theory spacing. This is con- 
sistent with experiment. 
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SCOPE 

The flow stability of a polymeric liquid depends upon 
the viscoelasticity of the material, and stability character- 
istics in many cases differ significantly from those of a 
Newtonian liquid under equivalent flow conditions. Pre- 
dictive ability for flow transitions of viscoelastic liquids is 
almost totally lacking at present, in large measure because 
few careful experiments have been camed out on fluids 
whose rheological properties are adequately characterized. 

This study is concerned with the most elementary and 
carefully studied of the classical problems of hydrody- 
namic stability, the stability of flow between rotating con- 
centric cylinders. The problem was first studied theoreti- 
cally and experimentally by Taylor in 1923 for Newtonian 
liquids. For this How, Iinear stability theory accurately 
predicts both the onset of the instability and the spacing 
of the resulting cellular secondary flow. A theoretical 
solution is available for viscoelastic liquids for the very 
general simple fluid, as well as for a number of special 
cases. Qualitatively, stabilization relative to a Newtonian 

liquid is generally expected. This prediction is confirmed 
by limited experimental data. Stabilization requires, how- 
ever, that the cell spacing increase relative to a New- 
tonian liquid. Published data here are inadequate, but in- 
formal discussions among workers in the field suggest that 
the cell spacing does not, in fact, change. 

The present study was undertaken to obtain information 
about the transition and secondary flow for a rheologically 
characterized fluid in order to obtain a definitive compari- 
son with theory for both transition and cell spacing. 
Shear, primary, and secondary normal stress data for a 
test polymer solution were obtained on the Weissenberg 
rheogoniometer. Stability experiments were performed in 
which both the onset of the secondary flow and the sub- 
sequent cell spacing were visualized. A nonlinear theoreti- 
cal analysis was carried out to establish the relation be- 
tween the cell spacing predicted by linear theory and 
that which will actually persist in the finite secondary 
flow following the destabilizing transient. 

CONCLUSIONS AND SIGNIFICANCE 

The onset of the secondary flow for the test polymer 
solution was accurately predicted by linear theory using 
a simple rheological constitutive equation which describes 
the viscometric behavior. The experimental cell spacing, 
however, differed significantly from that predicted by 
linear theory and was, in fact, nearly unchanged from that 
for a Newtonian fluid. It was shown using the nonlinear 
analysis that the cell spacing predicted by linear theory 
corresponds to a minimum energy configuration only for 
an inelastic liquid. For a viscoelastic liquid a closer cell 
spacing than that predicted by linear theory is a lower 
energy state and should persist following the initial dis- 
turbance transient. This is in agreement with the experi- 
mental observations. 

Correspondence concerning this paper should be addressed to M. M. 
Denn. Z.-S. Sun is with the Institute of Environmental Medicine, New 
York University, New York. 
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The success of linear theory in predicting the flow 
transition has several important consequences. It lends 
support to the belief that relatively simple stress con- 
stitutive equations which adequately describe viscometric 
behavior can be used for predictive purposes in nonvis- 
cometric situations. In particular, hydrodynamic stability 
analyses which are successful for Newtonian liquids can 
be expected to work for polymer solutions as well. The 
result also supports the contention put forth in previous 
publications that the stability experiment is a useful 
method of estimating rheological properties which cannot 
be obtained easily with conventional rheogoniornetry. Res- 
olution of the apparent wave number paradox removes a 
major doubt about the applicability of simple fluid theory 
to polymer solutions, as well as pointing up the need for 
extreme caution in extrapolating a linear theory to a 
finite amplitude flow. 
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When a liquid is sheared between concentric cylinders 
with the inner cylinder rotating and the outer stationary 
the streamlines are circular at low rotational speeds and lie 
in a plane normal to the axis of rotation. At a critical rota- 
tional speed a stable, steady cellular secondary flow is 
superimposed on the circular streamline flow. Prediction 
of the onset of the secondary flow using linear stability 
theory and experimental verification was first carried out 
successfully by Taylor (1923) for a Newtonian liquid. A 
complete discussion is in Chandrasekhar (1961). The sec- 
ondary flow is often called a Taylor vortex, and the onset 
is characterized by a critical value of a dimensionless 
Taylor number. When the gap between the cylinders 6 is 
small compared to the radius of the inner cylinder R the 
Taylor number is defined as 

T = 2 d  p2 R63/+ (1) 

For a Newtonian liquid the critical value is T, = 3390. 
In a polymer solution the theoretical prediction of the 

critical Taylor number depends upon the rheological con- 
stitutive equation, A completely general solution is avail- 
able for the simple fluid (Miller and Goddard, 1967). In  
that case the critical Taylor number depends upon nine 
parameters, most of which are not defined in terms of 
viscometric properties. Other less general theories are 
tabulated and discussed elsewhere (Sun, 1971; Karlsson 
et al., 1971; Ginn and Denn, 1969; Miller and Goddard, 
1967). The minimally essential rheological properties 
which must be taken into account (Ginn and Denn, 1969) 
are PI and P,R/S, where PI and P2 are normalized values 
of the primary and secondary normal stress differences in 
a viscometric flow (Coleman et al., 1966) : 

PI is always positive. Pz appears to be negative and small 
in magnitude compared to PI (Ginn and Metzner, 1969; 
Tanner, 1970a). Under these conditions the critical Taylor 
number for a polymer solution may greatly exceed the 
Newtonian value of 3390. Such behavior has been ob- 
served in a small gap instrument (Denn and Roisman, 
1969; Karlsson and Griem, 1966). 

Linear stability theory also predicts the value of the 
dimensionless Fourier wave number c corresponding to 
the disturbance mode which causes instability. The wave 
number is related to the cell spacing h by the equation 

h = d / c  (3) 
For a Newtonian liquid the critical value is c = 3.12, lead- 
ing to cells which are nearly square in cross section. This 
value is in excellent agreement with the vortex spacing 
actually observed in a Newtonian liquid following insta- 
bility (Chandrasekhar, 1961). All analyses for a polymer 
solution seem to lead to the conclusion that a critical 
Taylor number greater than 3390 must correspond to a 
wave number less than 3.12, or a wider cell spacing. There 
are no reliable published data on cell spacing accompanied 
by stabilization for polymer solutions, but it has been gen- 
erally known for some time through work in this labora- 
tory and by Karlsson and co-workers (Tanner, 1970b) 
that the cell spacing does not increase relative to the 
Newtonian liquid when stabilization occurs (Denn et al., 
1971). While it might be possible to reconcile this obser- 
vation with linear theory by judicious choice of parame- 
ters in the equations for a simple fluid, we are unable to 

do so and do not consider such a direction a fruitful one. 
A significant failing of all previous studies is the absence 

of an adequate rheological characterization of the test 
fluid, making quantitative comparison with theory impossi- 
ble. This work was initially undertaken to provide a defini- 
tive test by carrying out experiments on a fluid whose 
rheological properties could be obtained rheogoniometri- 
cally. The study has been dominated from the start with 
the apparent inconsistency between the wave number pre- 
dictions of the most general viscoelastic theories and our 
experimental findings. 

STABILITY EXPERIMENTS 

The stability experiments were carried out between cylinders 
0.254 m ( 10 in.) in length. The outer cylinder was a precision 
bore Pyrex tube 6.35 x 10-3 m ( %  in.) thick with an inside 
face specially prepared to 9.39165 x 10-2 2 2.54 x 10-5 m 
(3.6975 t 0.0010 in.) in radius. The inner cylinder was ma- 
chined from hollow aluminum to an outer radius 9.10971 x 
10-2 & 2.54 x 10-5 m (3.5865 t 0.0010 in.). The onset of 
a secondary flow was visualized by suspending 0.25 kg/m3 of 
aluminum oxide particles and a small amount of black dye in 
the test solution. 

Transient viscous heating was minimized by operating for 
about 30 sec. at a rotational speed below the critical value. 
Then the rotational speed of the inner cylinder was slowly 
increased. Rotational speed was measured stroboscopically. At 
the critical speed vortices were observed to move up and down 
and readjust themselves until a regular spacing was established. 
Immediately following completion of the experiment the test 
liquid was driven from the gap into an insulated flask for 
temperature measurement. 

The Newtonian test fluid was glycerine. Typical stability 
data are shown in Table 1. There is a systematic deviation 
from the theoretical critical value of 3390 for T,, but consider- 
ing the sensitivity of this quantity to small errors in measur- 
ing rotational speed and kinematic viscosity the agreement is 
good. Agreement between the measured wave number and 
the theoretical Newtonian value of 3.12 is also good. (The 
true theoretical value of T ,  is closer to 3500, since the limit 
R / 6  + 00 is not quite attained. The small difference is negligi- 
ble, however. ) 

The polymer test solution was composed of 0.14% weight 
ET-597 ( a  polyacrylamide manufactured by Dow Chemical 
Company), 6.29% water, and 93.57% glycerine. Typical sta- 
bility data are shown in Table 1. The kinematic viscosity was 
evaluated at the critical shear rate. The solution is more stable 
than a Newtonian fluid with an experimental wave number 
that is just slightly larger than the Newtonian value. As noted 
above, linear stability theory requires a critical wave number 
smaller than the Newtonian value when the critical Taylor 
number is qreater than 3390. Thus, the result seems to be in 
conflict with theory. 

RHEOLOGICAL DATA 

Rheological data on the test polymer solution were ob- 
tained at 41°C on the model R-18 Weissenberg Rheogoni- 
ometer using total force measurements for normal stresses. 
Measurement details are contained elsewhere (Ginn and 

TABLE 1. STABILITY DATA 

Temp, X 104 h X 103 
Liquid "C mz/sec rad/sec m T C  t 

glycerine 38 1.27 114 2.84 3200 3.11 
39 1.15 101 2.84 3030 3.11 
41 1.01 90 2.86 3230 3.10 

polymer 
solution 41 1.17 118 2.74 4060 3.22 

44 0.90 92 2.77 4140 3.20 
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Metzner, 1969; Sun, 1971). The results are summarized in 
Figure 1 with least squares lines drawn through the data. 
Only cone-and-plate data points are shown for the shear 
stress, but the line was computed using parallel-plate data 
as well. 

= 3800 
sec-1, which corresponds to the onset of instability in the 
Couette experiment, provides values for P1 and P2 de- 
fined in Equation (2)  as follows: 

Extrapolation of the least squares line to 

P1 = 1.6 X Pz = - 4.2 X 

There is considerable scatter in T~~ - T ~ ~ .  The 95% confi- 
dence limits are 

- 2.9 x 10-4 p2 1 - 5.2 x 10-4 

If the extra stress data are fit to a constitutive equation of 
the form 

T = K [ ZZ ](n-l)/2A1 + o [ II ](s-2/2)A12 

+ X [ ZI ](t-2)'2A 2 (4) 

the values of the power-law exponents are 

n = 0.85 s = 1.03 t = 1.05 

Equation (4)  has been proposed (Metzner et al., 1966) 
for flows which do not deviate significantly from a vis- 
cometric flow. 

4000 

COMPARISON WITH THEORY 

Linear stability theory for the constitutive Equation (4)  
requires finding the smallest real eigenvalue T for the 
eigenvalue problem 

(nD2 - e2)Q)  = (-1 + ( P I  + 2P2)  ( D 2  - c2)}$ (5a) 

- 1- 
/' 

( D 2  - 2)2$ = Tr2 1 - x i 
(5b) 

$ = D $ = + = O  at x = O , 1  (5c) 
The case considered by Ginn and Denn (1969) is a spe- 
cial case of Equation (5) .  Equation (5)  is itself a special 
case of the system studied by Miller and Goddard (1967) 
and was considered by them. The solution is obtained by 
standard methods (Chandrasekhar, 1961; Ginn and Denn, 
1969). For the experimentally determined rheological pa- 
rameters the critical Taylor and wave numbers are 

T, = 4330, c = 2.57 

Taking the confidence limits on P2 into account the theo- 
retical range is 

3870 L T ,  6 4660 

2.78 E 2.45 

For comparison, a non-Newtonian inelastic fluid ( P I  = 
P2 = 0) with the same viscosity function ( n  = 0.85) 
would have a theoretical transition at T ,  = 3140, E = 
3.04. 

The experimental transition Taylor number of 4060 for 
the polymer solution agrees quite well with the theoretical 
value of 4330, particularly because of the slightly early 
transition found for the Newtonian liquid. Thus, as for 
the Newtonian liquid, linear theory can be used with con- 
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Fig. 1. Shear stress and primary and secondary normal stress 
differences, 0.14% ET-597, 6.29% water, and 93.57% glycerine. 

fidence to predict the point of transition. Alternatively, as 
proposed by Denn and Roisman (1969), the onset of the 
Taylor instability can be used as a means of measuring 
rheological properties, particularly the elusive secondary 
normal stress difference. There is, however, a considerable 
discrepancy between the theoretical wave number and the 
actual wave number computed from the cell spacing. Ex- 
perimentally, nearly square cells are observed. The re- 
mainder of the paper is concerned with explaining this 
difference. 

WAVE NUMBER 

The discrepancy between the theoretical and experi- 
mental wave numbers for the polymer solution is disquiet- 
ing because of the excellent agreement for Newtonian 
liquids. On reflection, however, it is likely that the agree- 
ment in the Newtonian case is coincidental. The theoreti- 
cal wave number describes that mode of the Fourier spec- 
trum which is the most unstable as an infinitesimal disturb- 
ance. There is little reason to believe that this mode will 
prevail as a finite-amplitude disturbance following the 
transient. This point of view is supported by the experi- 
mental observation that the cell spacing adjusts itself as 
the Taylor vortices occur. 

We would expect the ultimate cell spacing to reflect a 
minimum energy state, although there is no rigorous basis 
for such a supposition. The two primary contributions are 
the excess kinetic energy and the excess free energy of ex- 
tended polymer molecules induced by the secondary flow. 
These terms can be computed for a model fluid and the en- 
ergy dependence upon wave number evaluated. 
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CONSTITUTIVE EQUATION 

model 
The model fluid used is a generalization of the Maxwell 

and an amplitude, a, 

T + B  [$+..VT- (VU) * T - T *  (VU)+ 1 
= 70 A1 + vAi2 (6) 

0,  70, and v are constants. When v = 0 this is simply the 
convected Maxwell model. v # 0 allows a finite secondary 
normal stress difference. The reason for this choice of a 
model will become clear subsequently. The fluid has a vis- 
cosity function 

Thus v < 0 for shear thinning behavior. P1 and P2 are 
given by 

7 = q0 + (7 )  

As required, P1 > 0, P2 < 0. The slope of the shear stress 
function on log-log coordinates is given by 

The eigenvalue problem for linear stability using Equa- 
tion (6)  is 

(d D2 - c2)  CP = -1 + (Pi + 2 P z )  (0’ - e2)  

p1 +-(a’-  l ) t 2  
2 

3 - n’ 
2 

( 0 2  - €2)  ( D2 - - e 2 )  Y? 

Y ? = D Y ? = @ = O  at x = O , 1  

As n’ -+ 1 this reduces to the case studied by Ginn and 
Denn (1969), which is equivalent to Equation ( 5 )  with 
.s = t = n + 1 = 2. Sample calculations over a range 
of values of PI, Pz R/S, and n’ indicate that for given 
P1 and P2 R/S the theoretical wave numbers given by 
Equation (10) are very close to those obtained from Ginn 
and Denn’s equations, while the critical Taylor numbers 
are lower because of the shear thinning. A tabulation is 
contained in Sun (1971). P2 appears in Equation (10) 
separately from P2 R/S, but it contributes negligibly be- 
cause of the presumption that Pz R/S is of the same order 
as P1 (Ginn and Denn, 1969). The calculations reported 
subsequently are for n‘ = 0.63. This figure has no particu- 
lar meaning, and it represents a compromise in attempting 
to allow the various parameters in Equation (6)  to have 
an order somewhat representative of the test polymer 
solution. Trends are identical for n’ = 1. 

SECONDARY FLOW 

The periodic secondary flow following the onset of in- 
stability can be estimated using an approximation pro- 
cedure introduced by Stuart (1958). The calculation 
closely parallels our analysis for a second-order fluid 
(Denn et a]., 1971) and will not be repeated here. De- 
tails are in Sun (1971). The secondary velocity field is 
written in terms of the eigenfunctions to Equation (10) 
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Pl 

- (PI + ~ P z )  (02 - 2 )  ] Y ( x )  (12b) 

S ( X )  = Y ? ( x )  @ ( X )  - f wt9 @ ( 4 )  & (12c) 

The result for a second-order fluid is retrieved as n’ + 1. 
There is an explicit assumption that the secondary flow 
has the shape predicted by linear stability theory. Thus, 
results are restricted to wave numbers close to the critical 
eigensolutions of Equation ( 10). 

FREE ENERGY 

The elastic dumbbell or bead-spring model of dilute 
polymer solutions leads to a macroscopic constitutive 
equation equivalent to Equation (6) with Y = 0 when the 
solvent viscosity can be neglected (Bird et al., 1971; Mar- 
rucci, 1972). The entropic free energy associated with 
chain elongation for this model is (Marrucci, 1972; Sun, 
1971) 

(13) 
1 

A = -  trace T 

A small, non-zero value of Y is required if the constitutive 
equation is to be applied meaningfully to the stability 
problem. This small additional stress term should have 
only a small effect upon the free energy, and as a first 
approximation we retain Equation (13) as the defining 
equation for free energy. It is the availability of a simple 
free energy expression that motivated the choice of con- 
stitutive equation. 

2 

VORTEX ENERGY 

The energy associated with the Taylor vortices is com- 
puted by taking the difference between the total kinetic 
and free energy and that which would exist with circular 
streamlines. Using Equation (13) and denoting the un- 
disturbed flow with a subscript zero and the disturbance 
by a prefix A, this is 

AE = 2 s,” J”’” (trace(z0 + AT) - trace(so) 

+ p(u0 + Au) * (UO + Au) - puo * UO} rdrdz 

(14) 
Upon substituting Equations (6), ( l l ) ,  and (12) and 
applying the small gap assumption ( S / R  + O), we obtain 
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a dimensionless energy coefficient 

A E  
Eo E 

f @ s C [ ~ ] d z  

(15) 

Equation (15) was evaluated for the case PI = -P2R/S 
for values of E close to the critical value computed from 
linear theory, and the derivative dE*/de was computed. 
As Pl 4 0 the limiting case of a shear-thinning inelastic 
fluid with n' = 0.63 is obtained. The results are shown in 
Figure 2. For the inelastic fluid (P1 = 0) and the New- 
tonian fluid (PI = 0, n' = 1 )  dEQ/da = 0 and the criti- 
cal wave number corresponds to the minimum energy con- 
figuration for the finite amplitude secondary flow. This ex- 
plains the persistence of the linear wave number always 
observed for the Newtonian liquid and the agreement be- 
tween linear wave number and experiment for a shear 
thinning, inelastic liquid observed by Karlsson and co- 
workers (Tanner, 1970b). For an elastic liquid, however, 
dE"/dc is negative, indicating that the minimum energy 
configuration will occur for a wave number which is larger 
than the critical value from linear theory. This is in agree- 
ment with the experiments reported here and with those 
of Karlsson and coworkers (Tanner, 1970b). 

CONCLUSION 

Linear stability theory, coupled with a stress constitu- 
tive equation which adequately describes viscometric be- 
havior, predicts the onset of secondary vortices for flow 
of a polymer solution between rotating cylinders. The 
critical wave number of linear theory will give the ulti- 
mate cell spacing only for an inelastic fluid. For a liquid 
with finite elastic stresses a larger wave number than that 
obtained from linear theory provides a lower energy state. 

The apparent paradox of the discrepancy between the 
critical cell spacing of linear theory and the ultimate cell 
spacing for the secondary flow has been a source of con- 
cern for some time, since belief that the wave numbers 
must agree implied the inapplicability of simple fluid 
theory to polymer solutions. In retrospect, of course, as 
established here, there was never reason to expect a linear 
result to apply to a finite amplitude flow. Thus, the only 
valid comparison is with the onset of secondary flow. 

The success of the linear theory based on Equation (4) 
in predicting the flow transition lends support to the belief 
that relatively simple stress constitutive equations which 
adequately describe viscometric behavior can be used for 
predictive purposes in nonviscometric situations, particu- 
larly in predicting flow transitions. Furthermore, as we 
have suggested previously (Denn and Roisman, 1969; 
Denn et al., 1971), the stability experiment is now estab- 
lished as a useful means of estimating rheological proper- 
ties which cannot be obtained easily with conventional 
rheogoniometry, provided that the experiments are per- 
formed in a region where oscillatory instabilities do not 
occur (Giesekus, 1971; Sun, 1971). 
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Fig. 2. Critical linear wave number (dashed line) and rate of 
change of energy of the secondary flow with respect to wave 
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Pi .  P i=-PzR/6 ,  n'Al.63. The triangle and square represent the 

wave number and energy derivative for a Newtonian liquid. 
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NOTATION 

a 
A = free energy 
Al, A2 = Rivlin-Erickson tensors 
D = d/dx 
AE = vortex energy 
E o  

h = vortex spacing 
ZZ 
K 
L = cylinder length 
G[ ] = operator defined by Equation (12b) 
n 
n' = dln T,,/dln y 
PI ,  PZ = dimensionless normal stress functions defined by 

Equation (2) 
R = radius of inner cylinder 
s = power law exponent, Equation (4) 
S ( x )  = function defined by Equation ( 12c) 
t = power law exponent, Equation (4 )  
T = Taylor number 
u = velocity 

= amplitude of secondary flow 

= dimensionless energy coefficient defined by Equa- 
tion (15) 

= second invariant of deformation rate 
= rheological coefficient, Equation (4) 

= power law exponent, Equation (4 )  
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Au = velocity of secondary motion 
Au, Av, hw = components of Au 
x = normalized radial coordinate 

~ 

- Greek Letters 

Y =  
s =  

7 1 =  
710 = 
o =  
A =  

P =  
t, 7ij = 
AT = 
4 =  
@ =  
r j  = 
v =  

n =  

c =  

v =  

o =  

shear rate 
gap between cylinders 
dimensionless wave number 
viscosity function 
rheological coefficient, Equation (6) 
rheological coefficient, Equation (6) 
rheological coefficient, Equation (4 )  
rheological coefficient, Equation (6) 
density 
extra stress tensor 
stress from secondary motion 
transformed linearized velocity, Equation ( 5 )  
transformed linearized velocity, Equation ( 10) 
transformed linearized velocity, Equation ( 5 )  
transformed linearized velocity, Equation ( 10) 
rheological coefficient, Equation (4) 
rotational speed 

Subscripts 
c = critical 
0 = undisturbed flow 
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Gas Separation Through Expansible Tubing 
The basic difficulty in membrane separations has always been their 

inherent slowness, resulting in high area requirements. Thus fine-bore tub- 
ing becomes of considerable interest. Studies showed that some materials 
will expand appreciably and reversibly and gas flow rates which are multi- 
ples of those in the unexpanded condition can be obtained. 
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The availability of fine-bore tubing and hollow fibers 
has resulted in a great deal of research in the use of bun- 
dles of these materials for mass transfer operations. The 
basic difficulty of membrane separation processes has al- 
ways been their inherent slowness and resulting high area 
requirements. 

With present hollow fiber technology it has become 
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Inc., Clinton, lowa. 

possible to crowd a large diffusion area into a relatively 
small space. One example of this is the Permasep equip- 
ment of the du Pont Company for water purification 
where as many as 1.7 million hollow fibers can be accom- 
modated in a tube of about 10 cm O.D. and 2.5 m long 
(Cooke, 1969-70). Also, numerous proposals and prototype 
models of blood oxygenators and artificial kidney units 
can be found in the literature (Salyer e t  al., 1971a, 1971b; 
Skiens, 1971). Thus, it is to be expected that this type of 
arrangement will go far to make gaseous diffusion opera- 
tion competitive with existing separation operations. 
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